We analyze the consistency of the recently proposed regularization of an identity based solution in open bosonic string field theory. We show that the equation of motion is satisfied when it is contracted with the regularized solution itself. Additionally, we propose a similar regularization of an identity based solution in the modified cubic superstring field theory. * aldohep@fma.if.usp.br
Introduction
In a previous work [1] , we have shown a prescription for computing identity based solutions in cubic-like string field theories [2, 3, 4] . Although these identity based solutions provide ambiguous result for the value of the vacuum energy [5] , we noticed that the tractable Erler-Schnabl's solution of open bosonic string field theory [6] is related by a gauge transformation to a solution which is based on the identity string field. Moreover, we proved that the same is true in the case of the modified cubic superstring field theory, namely the regular solution of Gorbachev [7] is related by a gauge transformation to an identity based solution.
After performing the gauge transformation, the resulting Erler-Schnabl-type solutions were used to unambiguously compute the value of the vacuum energy. Nevertheless, it would be interesting to evaluate directly the vacuum energy using the identity based solutions, this kind of computation should be possible provide that we can find a consistent regularization scheme. Recently a proposal for regularizing an identity based solution in open bosonic string field theory was developed in [8] .
The regularized solution Ψ λ was obtained by considering one-parameter families of classical solutions
where Ψ I = c(1 − K) is the identity based solution found in [1] and
is an element of the gauge transformation [1, 8] . It has been shown that the resulting regularized solution Ψ λ
correctly reproduces the value of the kinetic term 4) and therefore 'assuming the equation of motion', the right value of the vacuum energy was reproduced. We have put assuming the equation of motion in quotation marks, since it remains as an important question if the regularization is consistent with the assumption that the equation of motion is satisfied when it is contracted with the solution itself, namely
From previous experiences in the past [9, 10, 11, 12, 13, 14] , it is clear that there is a subtlety about this assumption because in general the solution is usually outside the Fock space [12] . For instance the twisted butterfly state [15, 16, 17] in vacuum string field theory [18] solves the equation of motion when contracted with any state in the Fock space, but it does not satisfy the equation of motion when contracted with the solution itself [11] . Therefore, for the case of the regularized solution Ψ λ , it is important to test the validity of the assumption (1.5) and for this goal it is necessary to evaluate the cubic term of the string field theory action for the regularized solution Ψ λ to check if the right value is reproduced 1 Ψ λ , Ψ λ * Ψ λ = 3 π 2 .
(1.6)
In this paper we compute the analytical value of the kinetic (1.4) and the cubic term (1.6) of the string field theory action for the regularized solution Ψ λ and we show that the assumption of the equation of motion (1.5) was nevertheless correct 2 . In addition to our analytic results, using Padé approximants [14] we numerically test equations (1.4) and (1.6) for the particular values λ → 0 and λ → 1 which correspond to the identity based and Erler-Schnabl's solution respectively. We would like to comment that there are cases where, naively, a one-parameter family of gauge transformations connects two solutions that cannot be gauge-equivalent (see for instance references [12, 13, 20, 21] ). What can go wrong is that at some particular values of the parameter the gauge transformation becomes singular [20] . So at this point it is interesting to ask: whether this problem affects, or not, the gauge transformations (1.1) and (1.2). Do these gauge transformations become singular at some particular values of the parameter λ? We will show that the gauge transformations (1.1) and (1.2) are well-defined for all values of the parameter λ belonging to the interval [0, +∞). These results provide a non trivial evidence for the consistency of the regularization proposed in [8] .
Finally, we propose a similar regularization for an identity based solution in the modified cubic superstring field theory and, as in the bosonic case, we show that the regularized solution consistently reproduces the right value for the kinetic and cubic term and consequently for the vacuum energy. Our results show explicitly that how seemingly trivial identity based solutions, in open bosonic string field theory as well as in the modified cubic superstring field theory, can be consistently regularized to obtain well behaved solutions which precisely represent to the tachyon vacuum. Certainly it would be very interesting to extend these results to the case of the non-polynomial Berkovits WZW-type superstring field theory [22] . This paper is organized as follows. In section 2, we review the proposal for regularizing an identity based solution in open bosonic string field theory. We evaluate the kinetic and cubic term of the string field theory action for the regularized solution. It turns out that the value of the cubic term is correctly reproduced and therefore we prove the statement that the equation of motion is satisfied when it is contracted with the regularized solution itself. In section 3, we regularize an identity based solution in the modified cubic superstring field theory. As in the bosonic case, in order to prove the validity of the assumption that the equation of motion is satisfied when it is contracted with the regularized solution itself, we evaluate the kinetic and cubic term. In section 4, a summary and further directions of exploration are given. The appendix A is provided for explaining some details related to the computation of correlation functions. The appendix B is devoted to some explicit Padé approximants computations.
2 Let us point out that the analytical value of the kinetic term (1.4) was already calculated in reference [8] . Nevertheless, for completeness reasons, in this paper we are going to review this computation.
Regularization of identity based solution in open bosonic string field theory
As derived in [1] using the methods of [23, 24] , an identity based solution in open bosonic string field theory is given by
where the basic string fields c and K (together with B) can be written, using the operator representation [19] , as follows
3)
The operatorsL,B andc(0) are defined in the sliver frame [6] 3 , and they are related to the worldsheet energy-momentum tensor, the b and c ghosts fields respectively, for instanceL 6) while the operator U † 1 U 1 in general is given by U † r U r = e 2−r 2L , so we have chosen r = 1, note that the string field U † 1 U 1 |0 represents to the identity string field 1 → U † 1 U 1 |0 [12, 19, 23, 24] .
Using the operator representation (2.2)-(2.4) of the string fields K, B and c, we can show that these fields satisfy the algebraic relations
and have the following BRST variations
As it is shown in [1] the direct evaluation of the vacuum energy using the identity based solution (2.1) brings ambiguous result. This phenomenon, as it was noted in [8] , is 3 Remember that a point in the upper half plane z is mapped to a point in the sliver framez via the conformal mappingz = 2 π arctan z. Note that we are using the convention of [6] for the conformal mapping.
due to the fact that a naive evaluation of the classical action in terms of CFT methods tends to be indefinite since it corresponds to a correlator on vanishing strip. Recently this problem was overcome and a proposal for regularizing the identity based solution (2.1) has been developed in [8] .
The regularized solution Ψ λ is obtained by considering one-parameter families of classical solutions
where Ψ I is the identity based solution (2.1) and
is an element of the gauge transformation [1, 8] . Using (2.1), (2.9) and (2.10), it is almost easy to derive the following regularized solution
Note that this regularized solution interpolates between the identity based solution (2.1) which corresponds to the case λ → 0, and the Erler-Schnabl's solution [6] which corresponds to the case λ → 1. In the next subsection we are going to evaluate the kinetic term for the regularized solution, and it will be shown that its value does not depend on the parameter λ.
The kinetic term
In this subsection, we are going to evaluate the kinetic term of the string field theory action for the regularized solution Ψ λ
Since the regularized solution (2.11) can be written as an expression containing an exact BRST term
the computation of the kinetic term (2.12) can be simplified to the evaluation of the following correlator
(2.14)
Using the expression for the correlator cΩ λt 1 cKcΩ λt 2 (given in the appendix), applying the change of variables as in [6] t 1 → uv, t 2 → u(1 − v) and performing the v integral, we get from (2.14)
Therefore, as it was previously commented, the value of the kinetic term does not depend on the parameter λ. At this stage, we can safely take the limit λ → 0 which corresponds to the identity based solution.
If we assume the validity of the equation of motion when contracted with the regularized solution itself, it is clear that the value of the vacuum energy can be correctly reproduced [8] . Nevertheless, there is a subtlety about this assumption because in general the solution is usually outside the Fock space [12] . Therefore it is crucially important to know whether or not the equation of motion is satisfied when it is contracted with the regularized solution itself. To prove the correctness of this statement, it is necessary to evaluate the cubic term of the string field theory action.
The cubic term
In this subsection, we are going to evaluate the cubic term of the string field theory action for the regularized solution
Since the regularized solution (2.11) can be written as an expression containing two terms
the calculation of the cubic term (2.16) can be reduced to the evaluation of the following correlators 20) each term on the right hand side (RHS) of (2.20) is given by
where the differential operators D 1 , D 2 and D 3 are defined as
Since the string field Ψ 2 defined in (2.19) can be written as an exact BRST term (2.13), the last term on the RHS of (2.20) gives vanishing result.
Using the expression for the correlators cΩ
and cBKcΩ λt 1 cΩ λt 2 cΩ λt 3 (given in the appendix) into equations (2.21)−(2.23), applying the change of variables as in [25] 
) and performing the v 1 , v 2 integral, we obtain from (2.20)
We see that the value of the cubic term does not depend on the parameter λ. This result (2.25) proves the statement that the equation of motion is satisfied when it is contracted with the regularized solution itself.
L 0 level expansion and Padé approximants
Although we have an analytic result for the value of the kinetic (2.15) and cubic term (2.25), we would like to confirm our calculation by using the L 0 level expansion of the solution. A numerical method based on the L 0 level expansion of the solution was developed in references [6, 14, 19] , where the vacuum energy for the original Schnabl's solution [19] was represented as a formal sum of an asymptotic series which was resumed using Padé approximants. In this subsection, using this L 0 level expansion scheme, we are going to numerically test equations (2.15) and (2.25) for the particular values λ → 0 and λ → 1 which correspond to the identity based (2.1) and Erler-Schnabl's solution [6] respectively.
In order to evaluate the kinetic and cubic term of the string field theory action in the L 0 level expansion scheme, let us write the regularized solution (2.11) in terms of L 0 eigenstates
As it is described in [6, 14, 19] , we start by replacing the solution Ψ λ with z L 0 Ψ λ in the L 0 level truncation scheme, so that states in the L 0 level expansion of the solution will acquire different integer powers of z at different levels. As we are going to see, the parameter z is needed because we need to express the kinetic and cubic term as a formal power series expansion if we want to use Padé approximants. After doing our calculations, we will simply set z = 1. Plugging the L 0 level expansion of the regularized solution (2.26) into the kinetic term we obtain
Given this formal power series expansion (2.29) of the kinetic term, we are going to resum the series using Padé approximants for some particular values of the parameter λ. Basically the numerical method based on Padé approximants tell us to match the power series expansion coefficients of a given rational function P M 2+N (z) with those of the kinetic term (2.29). The details of these computations can be found in appendix B.
The result of our calculations is summarized in table 2.1. In the first column we show the normalized value of the kinetic term
L 0 Ψ λ for the particular value of the parameter λ → 0 which corresponds to the identity based solution. In the second column we show the normalized value of the kinetic term for the particular value of the parameter λ → 1 which corresponds to the Erler-Schnabl's solution 5 . As we can see from table 2.1 the value of the kinetic term computed numerically using Padé approximants nicely confirm the analytic result (2.15). Table 2 .1: The Padé approximation for the normalized value of the kinetic term
The first column corresponds to P n 2+n Padé approximation for the value of the parameter λ → 0, while in the second column we show the case λ → 1. The label n corresponds to the power of z in the series (2.29). At each stage of our computations we truncate the series up to the order z 2n−2 . P To evaluate the cubic term using its formal power series expansion in z by means of Padé approximants, we follow the same steps developed in the case of the kinetic term. First we plug the L 0 level expansion of the regularized solution (2.26) into the expression for the cubic term
Given the formal power series expansion (2.30), we are able to evaluate the cubic term using Padé approximants. We match the power series expansion coefficients of a given rational function P M 3+N (z) with those of the cubic term (2.30). The result of our computations is summarized in table 2.2. In the first column we show the normalized value of the cubic term
for the particular value of the parameter λ → 0 which corresponds to the identity based solution. In the second column we show the normalized value of the cubic term for the particular value of the parameter λ → 1 which corresponds to the Erler-Schnabl's solution. As we can see from table 2.2 the value of the cubic term computed numerically using Padé approximants nicely confirm the analytic result (2.25).
As it was mentioned in the introduction section, at this point we would like to argue that the gauge transformations (1.1) and (1.2) are well-defined for all values of the parameter λ belonging to the interval [0, +∞). In order to develop the arguments to prove this statement, let us review the discussion given for the case of the original Schnabl's solution [19] . It is known that Schnabl's solution can be written as the limit, λ → 1, of the following pure gauge form [12, 13, 20] 
where S stands for Schnabl's solution and 
Padé approximation for the value of the parameter λ → 0, while in the second column we show the case λ → 1. The label n corresponds to the power of z in the series (2.30). At each stage of our computations we truncate the series up to the order z n−3 . P [12, 13, 20, 21] . Obviously, Schnabl's solution cannot be a pure-gauge solution since the energy of such a solution would have to be zero in contradiction with the proven Sen's first conjecture. It is therefore interesting to understand how the solution ceases to be a pure-gauge in the limit λ → 1.
It turns out that the gauge transformation (2.32) becomes singular at λ = 1 [20] . To see how this can happen, let us expand the string field Γ −1 λ in the L 0 basis 
From this expansion (2.35), we see that the string field U −1 λ does not have poles neither at λ = 1 or λ = 0. In the same way, we can also see that the L 0 -level expansion of the regularized solution (1.1)
does not have poles neither at λ = 1 or λ = 0.
By using this method, we have just shown the absence of poles in the definition of the gauge transformations (1.1) and (1.2). It remains the question about the interval where the parameter λ should belong. As in the case of the original Schnabl's solution [21] to provide an answer to this question, we need to expand the regularized solution Ψ λ in the Virasoro L 0 basis. It turns out that the coefficients of the L 0 -level expansion of the regularized solution (1.1) are given by sums of integrals of the form
for m = 2, 0, −2, −4, · · · and n ∈ N 0 . These integrals are convergent provide that the parameter λ belongs to the interval [0, +∞). Therefore, as it was claimed, the gauge transformations (1.1) and (1.2) are well-defined for all positive values of the parameter λ.
Regularization of identity based solution in the modified cubic superstring field theory
In this section, we extend our previous results in order to regularize an identity based solution in the modified cubic superstring field theory. In the superstring case, in addition to the basic string fields K, B and c, we need to include the super-reparametrization ghost field γ which, in the operator representation, is given by [26] 
Let us remember that in the superstring case the basic string fields K, B, c and γ satisfy the algebraic relations [7, 26] {B, c} = 1 ,
Employing these basic string fields, we can construct the following identity based solution
which formally satisfies the equation of motion QΨ I + Ψ As in the bosonic case, the direct evaluation of the vacuum energy using the identity based solution (3.4) brings ambiguous result. Therefore before computing some gauge invariants, such as the vacuum energy, first we need to regularize our identity based solution. Using the same procedure developed in the previous section, we show that a well behaved regularized solution Ψ λ can be derived from our identity based solution (3.4) by performing a gauge transformation
Note that this regularized solution interpolates between the identity based solution (3.4) which corresponds to the case λ → 0, and the Gorbachev's solution [7] which corresponds to the case λ → 1. In the next subsection we are going to evaluate the kinetic term for the regularized solution, and it will be shown that its value does not depend on the parameter λ.
The kinetic term
In this subsection, we are going to evaluate the kinetic term of the modified cubic superstring field theory action for the regularized solution Ψ λ
The inner product ·, · is the standard BPZ inner product with the difference that we must insert the operator Y −2 at the open string midpoint. The operator Y −2 can be written as the product of two inverse picture changing operators
In order to simplify the computations, let us write the regularized solution (3.5) as an expression containing two terms
Replacing equations (3.7)−(3.9) into the expression for the kinetic term (3.6), we obtain
each term on the RHS of (3.10) is given by
(3.13)
The correlators cΩ
can be computed using the methods given in the appendix. Plugging the expression for these correlators into equations (3.11)−(3.13), applying the change of variables as in [6] t 1 → uv, t 2 → u(1 − v) and performing the v integral, we obtain from (3.10)
Therefore, as in the bosonic case, the value of the kinetic term does not depend on the parameter λ. At this stage, we can safely take the limit λ → 0 which corresponds to the identity based solution.
If we assume the validity of the equation of motion when contracted with the solution itself, it is clear that the value of the vacuum energy can be correctly reproduced. Nevertheless it is important to test whether or not the equation of motion is satisfied when it is contracted with the regularized solution itself. To prove the correctness of this statement, it is necessary to compute explicitly the cubic term of the modified cubic superstring field theory action.
The cubic term
In this subsection, we are going to evaluate the cubic term of the modified cubic superstring field theory action for the regularized solution
Since the regularized solution (3.5) can be written as an expression containing two terms (3.8) and (3.9), the calculation of the cubic term (3.15) can be reduced to the evaluation of the following correlators
each term on the RHS of (3.16) is given by
For the correlators to be nonzero, they must have a φ-momentum equal to −2, since the picture changing operator has a φ-momentum equal to −4, the first term on the RHS of (3.16) gives vanishing result. can be derived using the techniques developed in the appendix. Plugging the expression for these correlators into equations (3.17)−(3.19), applying the change of variables as in [25] 
and performing the v 1 , v 2 integral, we obtain from (3.16)
As it was expected, we see that the value of the cubic term does not depend on the parameter λ. This result (3.20) proves the statement that the equation of motion, in the modified cubic superstring field theory, is satisfied when it is contracted with the regularized solution itself.
L 0 level expansion
Although we have the expected result for the value of the kinetic (3.14) and cubic term (3.20), we would like to confirm our calculation by using the L 0 level expansion of the solution. In order to evaluate the kinetic and cubic term of the modified cubic superstring field theory action in the L 0 level expansion scheme, let us write the regularized solution (3.5) in terms of L 0 eigenstates
Next we follow the same steps developed in the bosonic case. Replacing the L 0 level expansion of the regularized solution Ψ λ (3.21) with z L 0 Ψ λ and plugging it into the kinetic term, we arrive to
Since equation (3.25) has a finite number of terms, there is no need for Padé approximants, therefore setting z = 1 from equation (3.25) we obtain
As we have noticed, in the superstring case the power series expansion of the kinetic term (3.25) has a finite number of terms, this result is in contrast to the bosonic case, where the series has an infinite number of terms (2.29). The reason for this result is due to the fact that the correlation functions in the superstring case are much simpler than the bosonic ones 6 . As it is summarized in appendix A, in the bosonic case the expressions for the correlators are given in terms of trigonometrical functions, while in the superstring case the expressions for the correlators are given in terms of polynomials.
To evaluate the cubic term using its formal power series expansion in z, we follow the same steps developed in the case of the kinetic term. Plugging the L 0 level expansion of the regularized solution (3.21) into the cubic term, we get
Since this last equation (3.27 ) has a finite number of terms, as in the case of the kinetic term, there is no need for Padé approximants, therefore setting z = 1 from equation (3.27) we obtain
Summary and discussion
We have shown that our recently proposed identity based solutions [1] , in open bosonic string field theory as well as in the modified cubic superstring field theory, can be consistently regularized. By consistent we mean that the resulting regularized solution brings the right value for the kinetic and cubic term of the string field theory action.
We have proved the correctness of the above statement by employing two different means: straightforward analytical computations and by using the L 0 level expansion of the solution. It turns out that, in the bosonic case, employing the L 0 level expansion scheme the use of Padé approximants was needed, while in the superstring case the expected value for the kinetic and cubic term was derived without the use of Padé approximants. As a consequence of these results, we proved that the assumption of the validity of the equation of motion when contracted with the regularized solution itself was nevertheless correct.
It would be important to extend this analysis to the case of Berkovits WZW-type superstring field theory [22] , since this theory has a non-polynomial action, the issue for finding the tachyon vacuum solution and the computation of the value of the D-brane tension seems to be highly cumbersome. Nevertheless, we hope that the ideas developed in this paper should be very useful in order to solve this challenging puzzle.
One more significant application of the techniques established in this paper, as discussed in [25] , should be the extension of the subalgebra generated by the basic string fields K, B, c and γ in order to analyze identity based solutions in more general string field configurations [27, 28] , such that multiple D-branes, marginal deformations, lump solutions as well as time dependent solutions.
A Correlation functions
In this appendix we provide the details related to the derivation of the correlators used in equations (2.14), (2.21)−(2.23), (3.11)−(3.13) and (3.17)− (3.19) . Let us start with the correlators
, (A.1) cΩ λt 1 cΩ λt 2 cΩ λt 3 = c(t 1 λ + t 2 λ + t 3 λ)c(t 2 λ + t 3 λ)c(t 3 λ) t 1 λ+t 2 λ+t 3 λ , (A 2) where the expression for the correlator c(x 1 )c(x 2 )c(x 3 ) L is given by
For the computation of the firsts two correlators (A.1) and (A.2), the correlator (A.3) is all we need, for instance using (A. The correlators c(α 1 )Bc(α 2 )c(α 3 )Bc(α 4 )c(α 5 ) L and c(β 1 )Bc(β 2 )c(β 3 )c(β 4 ) L can be computed using the following correlator [12] Bc(x 1 )c(x 2 )c(
In the case of the modified cubic superstring field theory, the expressions for the correlators are much easier than the ones given in the bosonic case [26] To derive these correlators, we have used the following two basic correlators
(A.16)
B Padé approximant computations
In this appendix, as a pedagogical illustration of the numerical method based on Padé approximants, we are going to compute in detail the normalized value of the kinetic term
0 Qz L 0 Ψ λ at order n = 2. At this order we need to consider terms in the series expansion of the kinetic term (2.29) up to quadratic order in z, namely
Using the numerical method based on Padé approximants, first we express (B.1) as the following rational function Now we are ready to evaluate this expression (B.9) for some particular values of λ. Our first interest is the case λ → 0 which corresponds to the identity based solution, where we get 
